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A simple thermodynamic theory is developed, which predicts (in agreement with a wide variety of other theoretical 
approaches and experimental results) that for simpIe polymers the most probable Schulz distribution of fragments will be 
obtained in a polymer degradation process that is allowed to proceed to a dynamic equilibrium. When the same method 
is applied to a double-stranded polymv like DNA, however, it predicts that some narrowing of this distribution may occur 
in conjunction with a limited amount of base unpairing at the fragment termini. The compatibility of this prediction with 

the experimental results of long-time sonic&ion of DNA is considered. 

l_ Introduction 

The physical principles of ultrasound, its concomi- 
tant effect of cavitation and the mechanical effects 

of cavitation on biopolymers has been the subject 
of a recent extensive review [ 3 ] _ Although DNA may 
be degraded by many different processes [l] when 
subjected to ultrasonic irradiation (e.g. local tempera- 
tures up to lo4 K, local pressures up to 10 atm, photo- 
electric effects, formation of free radicals, sonolumines- 
cence and chemiluminescence), Hughes and Nyborg 
[2] have convincingly demonstrated that the mechan- 
ical effect of streaming is the major cause of the ini- 
tial degradation of polymers_ Streaming at the probe 
tip can produce eddying motions of up to 10 m/s, 
and this results in hydrodynamic shearing of polymers 

PI - 
Many authors have concluded that the degradation 

appears to be by double-strand scission [3--61, yield- 
ing macro-radicals [7], with little evidence for the 
formation of any denatured or single-stranded DNA 

accompanying the depolymerization [6,8] _ Richards 
and Boyer [9] have shown that 90% of DNA degrada- 
tion occurs at C-O bonds of the DNA backbone and 
10% at P-O sites (no C-C breaks were detected)_ How- 
ever, Shugalii and Fonarev [lo] have clear experimen- 
tal evidence which suggests that the degradation pro- 
ceeds by random single-strand breaks which ultimate- 
ly match up after sufficient sonication time, to yield 
degraded but native DNA with no single-strand 
breaks. The detailed mechanism by which DNA is de- 
graded by ultrasonic irradiation therefore remains ob- 
scure. 

The kinetics of the ultrasonic degradation of poly- 
mers has also been studied in an endeavour to gain in- 
sight into the nature of the degradation process, and 
this area has been thoroughly reviewed by Peacocke 
and Pritchard [ 1 l] _ Several theories have been pro- 
posed which assume a first-order rate constant for 
degradation that is proportional to the chain length 
in excess of a limiting chain length. Linear experimen- 
tal plots of this type have been obtained for the ultra- 
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sonication of gelatin, polystyrene and DNA [ 1 l] _ Anal- 
ysis of the distribution curve of the sedimentation coef- 
ficient of DNA has indicated that DNA is degraded by 
approximately successive halving [ 12]_ Peacocke and 
Pritchard [ 1 l] have therefore concluded that the initial 
degradation of DNA occurs by preferential rupturing 
of the double-strand near the middle of the molecule 
until the molecular weight decreases to a limiting molec- 
dar weight which is dependent on experimental condi- 
tions. 

It is important to note that these theories are ap- 
plicable only to the initial degradation of polymers, 
where mechanical, hydrodynamic shearing is the 
dominant process [ 1,6]_ At longer sonication times, 
these linear relationships are no longer valid. This sug- 
gests that if sonication is continued past the pre- 
dominantly hydrodynamic shearing stage, other de- 
gradation (and synthetic) processes could become im- 
portant_ This therefore means that none of the theo- 
ries based on hydrodynamic shearing of polymers 
can be extended or extrapolated to predict the molec- 
ular weight or molecular weight distribution of a poly- 
mer solution after infinite ultrasonic exposure. How- 
ever, it has repeatedly been observed that macro- 
molecules do degrade to an apparently limiting molec- 
ular weight [6,11,13,14] after which time further 
ultrasonic radiation has little or no effect. Davis and 
Phillips [ 141 have shown that for DNA, a limiting 
molecular weight distribution is also obtained as well 
as an apparently limiting molecular weight_ This limit- 
ing molecular weight distribution [ 141 appears to be 
approximated by the most probable Schulz distribu- 
tion [IS]. 

Many polymers, under a wide variety of conditions 
of degradation or growth, form a molecular weight 
distribution which corresponds closely to the most 
probable Schulz distribution [ 16,17]_ It is therefore 
clear that this resulting distribution reflects some fun- 
damental property of the system rather than a result 
of the particular nature of the particular growth/de- 
gradation process. Indeed, the Schulz distribution has 
been shown [ 173 to arise naturally from a very simple 
statistical model of a generalized growth/degradation 
process in which the simplifying assumption is that 
any monomer-monomer linkage is equally likely to 
be absent (or present). 

The fact that a limiting molecular weight of DNA 
(and other polymers) is obtained after extensive soni- 
cation, suggests some type of equilibrium process. 

The insensitivity of the distribution obtained to the 
type of degradation process seems to indicate an es- 
sentially thermodynamic control of the resulting dis- 
tribution. 

In this paper we show an alternative thermodynam- 
ically based model, appropriate to many degrada- 
tion processes, which also gives this same distribution 
as a consequence. More importantly, it can be readily 
extended to more complicated polymers. We particu- 
larly examine the case of a double-strand polymer, 
where it predicts a characteristically different distribu- 
tion_ 

2. The model and its predictions for simple polymers 

In formulating a thermodynamically based model 
to consider the equilibrium achieved after prolonged 
sonication of a polymer solution, we focus attention 
on the shock heating aspect of the sonication process. 
The view is taken that energy is added to and removed 
from the polymer molecule in a series of sharp bursts, 
in a process that is local on the bulk medium scale, 
but non-local on the molecular scale (at least to the 
point of being chemically non-specific). 

The degradation will then be regarded as arising 
from a situation where, with the passage of a shock 
front, a polymer molecule is heated to a high tempera- 
ture where it can react to form two smaller fragments 
- or to join with another nearby molecule [ 18]_ These 
processes proceed for a short time until the shock 
front passes, the temperature drops rapidly, and the 
reactions cease until the passage of the next shock 
front. The result of sonication over a prolonged period 
will then be the production of a molecular weight 
distribution corresponding to the equilibrium distribu- 
tion at some elevated temperature associated with the 
shock front - a local temperature that could never be 
achieved in the bulk medium. 

Consider a simple linear polymer. The standard free 
ener,v of an n-mer in solution is given at a particular 
temperature T, by: 

@ = a(T) -I- b(T)n. (1) 

The quantity a becomes increasingly negative with in- 
creasing temperature (i-e. higher temperatures favour 
smaller species). Suppose that the concentration (the 
number or molar concentration) of n-mers is C, _ 
Then the chemical potential for an n-mer is 
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pn =a(T)+b(T)rz +RTln C,. (3) 

We can divide this quantity (essentially an energy) 
among the monomer units to give 

&I M = a(T’)/n + b(T) + (RT/?z) In C n7 (3) 

where J.$ is the chemical potential associated with 
each monomer unit in an rz-mer. Now if the system is 
at equilibrium, the chemical potential associated with 
a monome- unit should be the same regardless of the 
size of n-mer it is incorporated in. Thus 

a(T)/72 + b(7) + (RT/rz) In C& = const (T)_ (4) 

The constant will depend on T and the total con- 
centration of material present, but be independent of 
7~. We absorb b(T) and const(T) into d(7) = const(T’) 
- b(T). Then 

c 
n 

= e[~rd(T)-o(T)l/~T (5) 

The total number of monomer units present per 
unit volume (C mole) is a known quantity, which re- 
mains constant throughout any degradation experi- 
ment_ The quantity d(T) on the other hand is com- 
pletely unknown. It can be obtained from 

Evaluating the sum yields 

C= eWbG311RT(I _ ,dCD/RT)--2._ (7) 

The quantity d must be negative in order for the sum 
to converge_ Rearrangement gives: 

ed(DIRT = 12~ + e-a(nlRT 

- (e-20(n/RT + 4Ce-a(~~RT)y2] /2C= /3(C, 7’) (8) 

and we finally obtain 

C, = e-“(DiRTp”(C, T), (9) 

which defmes the molecular weight distribution_ The 
degree of polymerization, DP, is introduced, and mo- 
ments of the distribution calculated as follows: 

where M” is the molecular weight of a monomer 
unit. 

The summation limit is changed from 1 to 0 to 
make use of the identity 

where ly I< 1. The term Cl-’ becomes important in 
calculating Ml _ 

The first three moments give the number, weight 
and Z-average molecular weights: 

MI =E, =#DP=&fLi(l -fl)-‘, 

This leads to 

DP=(l -p)-‘J /3=(DP- l)/DP, (1 la) 

&=G,=M’*(l +@/(l -pj=M’i(2DP- l),(llb) 

M3 = lGz = tit 20(2 + D)/( 1 - 02) 

=i@ [3DP - ; - 1/2(2DP - l)] _ (1 lc) 

Note that for DP reasonably large this gives the expect- 
ed 1 : 2 : 3 ratio of the most probable Schulz distribu- 
tion (e.g. if DP = 10 the ratio is 1 : 1.9 : 2.72; if DP = 
50 the ratio is 1 I 1.98 : 2.945; etc., improving as DP 
increases). 

3. Double-stranded polymers 

A molecule like DNA can be represented as a pair 
of chains of joined monomer units, linked by a num- 
ber of hydrogen-bonded base-base interactions_ ini- 
tially we will suppose that as well as the species J, 
species like II, III and IV (fig. 1) are accessible to the 
degradation process. 

We suppose, moreover, that the two strands of the 
molecule are distinguishable, as are the head and tail 
ends. This most unsymmetrical representation is 
chosen so as to remove complicating statistical weight 
factors in the entropy (and hence free energy) terms 
which arise from symmetry_ Naturally the fimal result 
of the analysis of a more symmetrical model will be 
equivalent_ Any particular species may be referred to 
by the triad of integers (j, k, I) where j > 0 is the 
length of the first strand, k > 0 is the length of the 
second strand, and I is the offset between the tail ends 
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Fig. 1. Topological models for some DNA S~XUC~UICS that IIZW 

be accessible to the ultrasonic degradation process. - - - 
represent hydrogen bonding between base pairs. 

of the two strands (-k <I <j), Le. if Z > 0 there is a 
hydrogen bond from the (Z + 1)th base residue from 
the tail of thej-strand to the tail end residue on the 
k-strand, while if Z S 0 the linkage is from the (1 - Z)- 
th residue on the k-strand to the tail residue on the 

j-strand_ 
The assumption is now made that the standard 

free energy of the species (j, k, I) is given by 

G$Z = a(T) + b(l’Jn + g(T)rn, (12) 

where n is the number of monomer units in the spe- 
cies (72 = j + k), and n-r is the number of hydrogen- 
bonded base linkages_ (If 2 is positive m is the lesser 
of j - 2 and k, and if Z is negative m is the lesser of 
k + 1 and j_) Following the argument previously used 
for the simple polymer, we obtain 

@Z = a(T)/72 + b(T) + g(T)mln + (RT/rz) In CjJ-Z, (13) 

and so 

cjkZ = eI~~ri(T)-a(T)-m~T)lZZW (14) 

A detailed analysis of the possible species shows 
that there are (n - 1)2 possible structures for an n- 
mer, since it may be represented (j, n - j, Z) where 
ldj<n--landj-n<Z<j(i.e.eachofthetwo 
parameters may independently take one of (n - 1) 
values). Moreover, of these, exactly 4(n - 2m) will 
have m hydrogen bonded linkages, except when m = 
$71 for which there will be a single species. Thus 

(15) 

cn = c 4(n _ ~)e[dn(T)-aWJ-mgG’N/RT 
m=l 

> 

for 72 odd, (16a) 
n/2- 1 

cn = c qn _ ~)eWU%-a(T)--ntg(T)3fRT 
m=l 

+ e[nd(T)-a(T)-71~go/2~lRT, for 7, even_ 
06W 

Here, 6,2m is the Kronecker delta; it takes the value 1 
if n = 2rA, zero otherwise_ Writing y = e-g(i”lZRT, ~2 = 
ed(TIIRT, k = e-aOfRT the sum simplifies to 

c,, = Wl”l(l - r121 wz - 8)7 - 4fir2 

-t +fi2+2 + 6y”Z2+1 •E -/‘Z2], for n even, 

C, = [kvn/(l - 7)2] [(LIZ - 8)7 - 477~~ 

+ 4,&+3/2 + 4@2+1/2, for 71 odd. 

(17a) 

(17b) 

These expressions enable the following sums to be de- 
termined 

cc,, c,c,, c7?cn, c723cn, 

where in general the summation index will range from 
2 to infmity_ Making use of the result 

&rjy” = @d/dy)‘(l -J+-‘, 

the following sums are obtained (after much tedious 
manipulation) 

5C = 
kn2r(l + nQ2 

n=2 n (1 - Q)2(l - rZ2r) ’ 
(lga) 

55 ncn = == W27(l + v)(l -t 2~ - ?i’* - 2’?37) 

n=2 (1 - G93(l - v27)2 
(1 ;Ib) 
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5 n2Cn = 4kv2r 
n=2 (1 - VI40 - v2-Y13 

- l~4y+2775y+r16y+95y2t-4176Y2+g7Y2), 

(1 SC) 

C?13Cn = 4kv2r 
n=2 (1 - f7)5(l - n2rj4 

x (2+17~+13q2-lSg3+9~4-2q5+8~2y 

- 23q3y-85q4y+ 19g5y+17q6y- 8n7y 

i- 2rj4y2 - 5r75y2 •t 5P#y2 + 31177y2 - 1377*y2 

- 2179y2- y7y3- 1 1rJ*y3- 1 17J9yS- rl’Oy3). 

(lgd) 

At this point it is noted that y appears always as an 
essential part of the quantity q2y. It is also noted 
that convergence criteria in the sums evaluated, and 
the definitions of n and y require 0 < 7) < 1; 0 C n2y 
< 1 _ We change the parameterization to remove y 
from the expressions and include a = 1 - 02y, and 
form the expressions for the moments of the distribu- 
tion: 

En =MhlZ(l - q2 -f- 2r7a)[a(l - ?7’)]-1, (loa) 

ji?, =JP2[2(1 - 772)2-o(1 - r&l - r12 - 4r7) 

+ &,(l +4’r1+712)] [a(1 -7&l -r72+27101)1-l. 

(lgb) 

M, =JP [12(1 -rl)3(1+7# 

- lZa(l -_r7)2(1 +Q)(1-2rl-$) 

+a2(1_17X1--3q+10r12+9173+774) 

+ &(1-I- 5x1 + 107, + v2)1 

x {a(l-~)[2(1-~2)2-~(l-~2)(l-~2-4~) 

i- c&(1 -I- 47j + $)] 1-l - (1 SC) 

4. Relationship between DNA molecular weight 
distributiol; and unpaired bases 

According to the model there will be associated 
with the degradation some unpairing of the base 
linkages at the ends of the fragments_ It is necessary 
to suppose, however, that the regime is such that this 
unpairing is fairly limited (else the model breaks 
down in that fully denatured single-strand species 
have not been considered in the statistics). A param- 
eter expressing the degree of this unpairing wiil be a 
useful feature in the model, particularly as it may be 
experimentally accessible through hyperchromicity 
measurements_ We define the parameter N as the num- 
ber of unpaired bases/total number of bases, and pro- 
ceed to cakulate W via the expressions for CJk_ [eq_ 

(14)l: 
When there are IZ bases and rrr hydrogen bonded 

linkages, there will always be TZ - 2m unpaired bases 
in the molecule exactly. Thus the concentration of 
unpaired bases is given by 

q g (rz - Zm)C,,, = 4k’;; “T3 + sl) > (20) 

the total base concentration by 

c c ?lC, = C?lC,, 
7.X m n 

= 2k( 1 - o)( 1 + n)( 1 - n2 + 27jcr) 

a’(1 - 7$ 
(21) 

and the required useful measure of the degree of base 
unpairing by 

H= 2cur)/(l - n2 + 2c4_ (22) 

At this point we will rewrite the other expressions, 
replacing.the thermodynamic parameters k, 77. and a, 
with the more expen~mentaliy accessible H, C 
(= BzC.) and D (=M,/Mh’)_ The resulting formulae 
are: 

(23a) 

(23b) 
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C,?cn = c{D[~ - 72 + ~~ + _: H(H~ -t 4/D2)1’2] 
2.0 

+2zS- 21, (23~) 

c,r3c,, = 3C{D2 [2-4H+3H2-;H3 ++H(H’4/D2)v3 % 

-D(4-6H+2H2)+$-H-J, (23d) l-9- 

G =M”D n , (24a) 

Ir;i, =M” {D[2 - 2H+H2+$H(H2+4/D2)“‘] 

+w-2}, (24b) 

ii;i = 3MM {D’ [2 - 4H+ 3H2 -_:H3 +$H(H2 i- 4/D2)“‘] 

-D(4-6H+2H2)++H} 

Fig. 2. Relationship predicted [es_ (24)] between the frac- 
tion of unpaired bases present in the DNA sonication products 
(ET). and the degree of polydispersity. 

X {D[2-2Hw+H2+~H(H+4/D2)“2]+2H-2}-1. 

(24c) 

In the region of interest D S=- 1 (i.e. the fragments are 
still medium-sized polymers) only the terms in the 
leading power of D need be considered. Eqs. (24) 

therefore simplify to: 

&, = M”D, (25a) 

&v = 2M”D(l -H+ $H2). (25b) 

&, = 3M”‘D(4 - 8H+ 7H2- H3)/(4 - 4H+ 3H2) 

=3&‘D[l -H+2H3/(4-4H+3H2)]_ (25c) 

These results clearly show the expected 1 : 2 : 3 
ratio, decreasing significantly with base unpairing. 

Extension of the theory to double-stranded poly- 
mers such as DNA reveals several interesting and 
previously unknown aspects about extensively soni- 
cated DNA_ The molecular weight distribution of such 
DNA will depend on the extent to which hydrogen 
bond linkages are removed in the sonication process. 
A distribution which is significantly sharper than the 
most probable Schulz distribution will be achieved in 
association with only a very small degree of base un- 
pairing at the fragment termini [eqs. (25)] _ While 

there is compelling evidence that no extensive dena- 
turation occurs in conjunction with sonic degrada- 
tion under appropriate experimental conditions [6,8, 
10,141, it is also apparent that the small amount of un- 
pairing required is not experimentally ruled out, and 
that a measurable amount of denaturation does occur 
after a long period of sonication [10,14] _ 

5. Discussion 

The thermodynamic theory presented predicts that 
extensively sonicated polymers (i.e. those sonicated 
continuously to a limiting molecular weight) would 
have a molecular weight distribution corresponding to 
that of the most probable Schulz distribution_ Since 
polymers which have been synthesized randomly or 
degraded randomly are known to have this molecular 
weight distribution [ 14,163, the thermodynamic 
model used to describe the equilibrium molecular 
weight distribution appears soundly based. 

The theory in its present form, like all theories 
based on equilibrium thermodynamics, has nothing to 
say about the rate of the degradation, the relation to 
starting material, nor the distribution of fragments 
after short periods of sonication. It does however pre- 
dict a clear relationship between the amount of base 
unpairing and the sharpness of the distributiol(rep- 
resented by the degree of polydlspersity M,/M, of 
fragments at equilibrium - fig. 2) It may well be pos- 
sible to vary these quantities with varying experimen- 
tel conditions, brit the essential relationship should 
hold. 

The theory as developed here does not take slngle- 
strand fragments properly into account. It is concem- 
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ed primarily with the regime where denaturation is 
minimal, and unpaired bases appear only at the “jagged 
ends” of essentially double-strand DNA molecules. As 
well as the single-strand species V, species like VI and 
VII (fig. 1) are not taken into account in the statistics_ 

Clearly, at very high levels of the extent of DNA 
denaturation, the molecular weight distribution of the 
essentially single-stranded DNA will again approach 
that of the most probable Schulz diatzibution. If the 
DNA is totally denatured, and of relatively high molec- 
ular we&&the distribution would be described by 
%r, : Ir?, : M, = 1 : 2 : 3 etc., the same as predicted for 
the “equilibrium” distribution of other single-strand 
polymers. 

This theory also implicitly predicts that the “equi- 
librium” molecular weight distribution of native DNA 
will be independent of the initial molecular weight 
of the DNA and its tertiary structure (i.e. whether 
the DNA is initially rod-like, random coil, circular 
or supercoiled). In contrast, however, the kizzetics of 
the degradation process do appear to depend on the 
rigidity of the DNA [ 14]_ The molecular weight distri- 
bution could, however, be influenced by the presence 
of other compounds which interact with DNA (e.g. 
metal ions, drugs, dyes, etc.) since the local suscepti- 
bility to bond cleavage couId be altered by these 
agents if, and only if, they were not randomly distzi- 
buted along the DNA helix. Other substances in the 
working solution that could influence the course of a 
high-temperature reaction may also have a marked ef- 
fect on ihe position and nature of the equilibrium 
(e-g. free-radical scavengers). 

Experiments are currently in progress to examine 
these predictions by evaluating directly the molecular 
weight distribution of DNA at its somcation induced 
limiting molecular weight, under different experimen- 
tal conditions. 
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